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Abstract This work studies the dissipation that aﬀects
the statistical behavior of a climate variable. The
hypothesis tested is that the statistical dissipation of
large-scale variables in a climate model is signiﬁcantly
inﬂuenced by the temporal variations of the model’s
small scale variables. The test is made with the T21
ECHAM4 atmospheric GCM by varying model’s representation of small-scale variables in two diﬀerent
ways. First, the strength of the horizontal diﬀusion is
modiﬁed. Secondly, white noise unrelated to the state of
the large-scale variables is added to variables with the
smallest scales (wave numbers equal to and smaller than
18). It is found that the statistical dissipations of largescale variables (e.g., vorticity at wave numbers equal to
and larger than six) depend on the intensity of smallscale ﬂuctuations, no matter whether they are induced
by modifying the horizontal diﬀusion or by adding
noise. The stronger the small-scale ﬂuctuations, the
stronger are the dissipations of the large-scale variables.
This result suggests that the simulation of low-frequency
climate variations and the prediction of climate change
responses depend on the model representation of smallscale climate components.

1 Introduction
1.1 Dissipation proposed by the equilibrium theory
of two-dimensional turbulence
The equilibrium theory of two-dimensional homogeneous and isotropic turbulence deals with the dissipation
of energy and enstrophy (Kraichnan 1967). The idea is
to suppose that the generation and the dissipation of
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energy and enstrophy occur at diﬀerent scales in the
wave number space so that there exist ranges of scales
intermediate between the forcing scale and the dissipation scale where neither the forcing nor the dissipation
are important. These intermediate ranges are known as
internal subranges, because the internal terms and not
the forcing or the dissipation dominate in the momentum balance here. Assume further that the generation
(excitation) of energy and enstrophy is located at middle
wave numbers, whereas the dissipation of enstrophy
occurs at high wave numbers and the dissipation of
energy at low wave numbers. With this distribution of
sources and sinks, one ﬁnds two inertial subranges. In
the region between the forcing scale and the dissipation
scale of energy, i.e., on scales larger than those of the
sources at middle wave numbers, one has an energycascading inertial subrange, characterized by a vanishing
ﬂux of enstrophy and a constant upscale ﬂux of energy,
through which energy is dissipated to sinks at low wave
numbers. The energy spectrum in this subrange follows a
-5/3 power law. In the region between the forcing scale
and the dissipation scale of enstrophy, i.e., on scales
smaller than those of the sources at middle wave numbers, one has an enstrophy-cascading inertial subrange,
associated with a vanishing ﬂux of energy and a constant
downscale ﬂux of enstrophy, through which enstrophy is
dissipated to sinks at high wave numbers. The energy
spectrum in this subrange follows a –3 power law.
Large-scale atmospheric ﬂow is in a good approximation two-dimensional. This suggests that the atmosphere may exhibit characteristic features suggested by
the equilibrium theory of two-dimensional turbulence. If
this is the case, dissipation processes associated with an
upscale energy cascade and a downscale enstrophy cascade would operate in the atmosphere.
The question of whether and to what extent the
atmosphere exhibits features of two-dimensional turbulence was studied by Boer and Shepherd (1983). For the
atmosphere, sources of energy and enstrophy occur at
the scales of baroclinic eddies. Boer and Shepherd (1983)
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found that the ﬂow on the scales larger than those of
baroclinic eddies reveals, at least approximately, features
of an enstrophy-cascading inertial subrange, while the
ﬂow on the scales smaller than those of baroclinic eddies
does not approximate any of the features of an energycascading inertial subrange, except the upscale ﬂux of
energy (i.e., no sign of power law behavior, lack of
isotropic features). Their result suggests that the equilibrium theory of two-dimensional turbulence does not
completely explain the dissipation of energy and enstrophy in the atmosphere. In particular, dissipation in
the low-wave number region cannot be understood as a
mechanism that transfers energy through an inertial
subrange. This motivates the study of the dissipation at
large scales using other approaches.
1.2 Deﬁnition and speciﬁcation of statistical dissipation
This study considers systems having the following two
features: ﬁrst, the description of the system requires
many state variables and secondly, the system is unclosed, meaning that it constantly exchanges energy with
its environment. An atmosphere simulated by a general
circulation model (GCM) is such a system. The state
variables are meteorological quantities deﬁned on a 3dimensional grid. The total number of the state variables
of a low-resolution atmospheric GCM is of the order of
104.
The theoretical basis of the present study are approaches used in statistical physics. Some of these approaches, such as the treatment of Brownian motion and
the ﬂuctuations-dissipation theorem, have been introduced to climate community by Leith (1975) and Hasselmann (1976). When using these approaches to study
dissipation, statistical considerations are inevitable,
starting from the deﬁnition and speciﬁcation of dissipation. Statistical considerations have also been relevant
for the previous theoretical studies on turbulence.
However, there are notable diﬀerences between the
present and the previous considerations.
The dissipation considered by the equilibrium theorem of turbulence represents a damping in the secondmoment equations of velocity and vorticity (Leith 1971).
Since these equations represent equations of energy and
enstrophy, one deals with the dissipation of kinetic energy and enstrophy only. For an unclosed system however, there is no need to conﬁne the consideration to the
dissipation of kinetic energy and enstrophy, since these
two quantities are no longer superior relative to other
quantities.
This work considers therefore the density equations
of climate variables, rather than second-moment equations of velocity and vorticity. A density equation of a
variable v describes the time evolution of the probability
density function (PDF) of v. The statistical dissipation
associated with v is deﬁned as the damping in the density
equation of v, that ensures that the density equation has
a stationary solution. Note that the damping in a density
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equation of variable v implies a mean tendency which
makes the density to approach its stationary solution.
When the density equation takes the form of a FokkerPlanck Eq. (10) given in Appendix 2, this mean tendency
is the drift –av. Since Eq. (10) implies that the time
evolution of v is described by the Langevin Eq. (1), a
damping deﬁned through Eq. (10) corresponds to a
damping in Eq. (1). The latter is more comprehensible,
since it represents a damping that aﬀects the time evolution of v. This deﬁnition will be expanded further at
the end of Sect. 1.2).
The previous theoretical studies of turbulence directly
derive the second-moment equations of velocity and
vorticity from the equations of motion, e.g., from the
transformed Navier-Stokes equation in a study by Leith
(1971). After having derived such an equation, an exact
speciﬁcation of the damping in the equation is possible.
However, the second-moment equations contain also
third moments, due to the non-linearity in the equations
of motion. To close a second-moment equation, the
third moments have to be expressed in terms of second
moments using some approximation. Often, the
approximation used implies a damping. Thus, one has
the unfortunate situation that the dissipation to be
studied depends on the approximation required for the
study. A similar problem appears when one considers
density equations, rather than second moment equations.
In contrast to the previous theoretical approach, this
study speciﬁes statistical dissipation in terms of data
without involving any approximation. It assumes that,
for some variables in a GCM driven by a constant
external forcing, density equations exist and have stationary solutions. This assumption has been implicitly
used both by theoretical and by numerical studies (Leith
1971; Koshyk and Boer 1995). The assumption implies
that the properties of the stationary PDF of a variable
are inherent in the corresponding time series produced
by the GCM.
Since a (one-dimensional) density equation corresponds to a stochastic diﬀerential equation, a damping
which appears in the density equation must also be
present in the corresponding stochastic diﬀerential
equation. The latter can be directly associated with the
time series. In particular, if the stochastic diﬀerential
equation contains a damping, the temporal auto-correlation function of the considered variable would decay
with increasing time lag. This suggests that a statistical
dissipation can be speciﬁed in terms of the rate of the
decay of the auto-correlation function estimated from
data. This empirical speciﬁcation will be used throughout this work. Whenever the term ‘correlation function’
is used, it refers to the temporal auto-correlation function.
Statistical dissipation reminds us of the damping
appearing in the heuristic description of Brownian motion (Reif 1965). A Brownian particle moves because of
actions of molecules surrounding the particle. Denote
the velocity of a (one-dimensional) Brownian particle by
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v. The statistical behavior of v is described by the stochastic diﬀerential equation
dv
¼ av þ f
dt

ð1Þ

where a is a positive constant and f is a Gaussian dcorrelated noise with a constant variance b. Equation. (1) is a Langevin equation. The term –av, which
ensures a stationary PDF of v, represents the statistical
dissipation of v. If the statistical behavior of v is described by Eq. (1), the correlation function of v at time
lag s,c(s), will be e–as. Thus, a determines the decay of
the correlation function of v. When the exact form of the
density equation and from that the exact value of a are
unknown, a can be ‘measured’ by the correlation function of v estimated from data.

1.3 Relevance of statistical dissipation

equilibrium climate sensitivity. The value of the integral
is determined by the rate of the decay of the correlation
function. Since the rate of the decay of the correlation
function represents the strength of the statistical dissipation, the magnitude of the mean stationary response
Dls is, for a given DF, controlled by the strength of the
statistical dissipation.
Note that the mean stationary response Dls is not
deﬁned, when the R1correlation function is not integratable, i.e., when is cðsÞ ds inﬁnite. The latter corresponds
0
to the case when the system under consideration cannot
reach a statistically stationary state when subjected to a
constant external forcing.
The derivation of Eq. (2) relies on the idea that the
mean response Dl(t) can be described by the response
function R(t–t¢) and the forcing function H(t¢) via
DlðtÞ ¼

Zt

Rðt  t0 ÞH ðt0 Þdt0

ð3Þ

1

Statistical dissipation can aﬀect low-frequency climate
variations and mean climate responses to changes in the
external forcing. To see the relation between low-frequency variations and statistical dissipation, note that
temporal variations of a climate variable can be represented by the frequency spectrum of the variable. The
low-frequency part of the spectrum is directly related to
the rate of the decay of the covariance function. It can be
shown (Appendix 1) that, if the covariance function of a
variable decays to zero within a time lag s* and remains
zero for s > s*, the corresponding spectrum will be
white for frequency much smaller than 1/(2ps*). Furthermore, the stronger the dissipation, the faster the rate
of the decay of the correlation function, the larger is the
low-frequency range over which the spectrum is white.
In this sense, statistical dissipation acts to damp lowfrequency variations.
Statistical dissipation of a variable aﬀects also the
mean response of the variable to a small change in the
external forcing. Suppose that the system subjected to a
constant external forcing F is in a statistically stationary
state. Suppose further the system reaches a new stationary state after F is changed to F+DF with a small and
constant DF. The mean stationary response is deﬁned by
Dls = l2–l1 with l2 and l1 being the stationary means of
variable v obtained with F and F+D F, respectively. If
the statistical behavior of v is described by Eq. (1), the
linear response theory (Risken 1996) predicts
0 1
1
Z
Dls ¼ @ cðsÞdsADF :
ð2Þ
0

with c(s) being the correlation function of v. The derivation of Eq. (2) is given in Appendix 2. In the case
when v is the global mean temperature, l2 and l1 are the
stationary means of the global mean temperature in
integrations obtained with standard and perturbed CO2
concentration, the integral in front of DF in Eq. (2) is the

H(t¢) characterizes the time-dependence of DF. If DF is
switched on at t¢ = 0, the forcing function H(t¢) will be
zero for t¢ < 0 and equal to one for t¢ ‡ 0. The mean
stationary response Dls is obtained for t = ¥. Under
certain conditions, the response function R is related to a
covariance function. This relation is known as the ﬂuctuation-dissipation theorem. With this relation, Eq. (2)
is obtained by replacing R in Eq. (3) by the covariance
function.
One proof of the ﬂuctuation-dissipation theorem was
given by Leith (1975). He studied a system which conserves kinetic energy and enstrophy. Such a system is
Hamiltonian, i.e., an ensemble of the system is represented by a nondivergent ﬂow in the N-dimensional full
phase space. The density deﬁned in the full phase space
satisﬁes Liouville’s equation, which has a N-dimensional
normal distribution as the stationary solution. Diﬀerent
from Leith’s study, the ﬂuctuation-dissipation theorem
is derived in Appendix 2 by applying the linear response
theory to an one-dimensional marginal distribution of
the N-dimensional density (i.e., to the PDF of one of the
N variables), that satisﬁes Eq. (10).
An examination of Leith’s (1975) proof and Appendix 2 suggests that the key condition that leads to Eq. (2)
is the normality of the considered density, no matter
whether it is N-dimensional or one-dimensional (for the
relevance of normality in Leith’s (1975) proof see his
Sect. 3). In general, a non-Gaussian N-dimensional PDF
can have normal marginal distributions, but not vice
versa. This suggests that the condition of the present
study, which concerns a one-dimensional PDF, can be
more easily satisﬁed than Leith’s (1975) condition, which
concerns a N-dimensional PDF. In particular, the present condition can also be satisﬁed by an unclosed system, which generally has a non-Gaussian N-dimensional
distribution. One can therefore conclude that Eq. (2) is
actually more widely applicable than one might expect
from Leith’s (1975) derivation.
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1.4 The assumption
The question of how to derive Gaussian marginal distributions from a non-Gaussian N-dimensional distribution will be studied elsewhere. In this work, it is
simply assumed that stationary Gaussian one-dimensional marginal distributions exist and variables having
such distributions are large-scale variables (i.e., components with small wave numbers or coeﬃcients of largescale patterns). More precisely, it is assumed that the
statistical behavior of a large-scale variable is described by
Eq. (1), or equivalently, that the density equation of a
large-scale variable is given by Eq. (10). The assumption
implies that the correlation function of the variable decays exponentially and the spectrum of the variable is
red.
The assumption is reasonable. Large-scale variables
generally vary on long time scales. Such a variable can
therefore be considered as being almost instantaneously
aﬀected by numerous small-scale variables, similar to a
Brownian particle which is subjected to molecular
bombardment. Consistently, many large-scale variables
can be approximated by ﬁrst order auto-regressive
(AR(1)) processes which are discretized versions of
Eq .(1) (von Storch 1999). The assumption is furthermore supported by a study by Bell (1980), who showed
that Eq. (2) provides an excellent estimate for the mean
response of some variables to small changes in the
external forcing, even for a system which does not satisfy
Leith’s (1975) condition.
It is emphasized that this assumption does not imply
that the system considered is not governed by deterministic principles or that the equations of motion have
to be stochastic due to unknown processes. Rather, it
implies that the description of one of many variables of a
system governed by deterministic principles, such as a
large-scale variable in a GCM-atmosphere, can be statistic.
After having deﬁned statistical dissipation and described its speciﬁcation and its relevance, the following
studies the mechanism that controls the strength of the
statistical dissipation of a large-scale variable. In Sect. 2,
a hypothesis for such a mechanism is proposed. The
hypothesis is tested for atmospheres simulated by the
ECHAM4 GCM in terms of two series of numerical
experiments. The results of the experiments are presented
in Sect. 3 and the implications are discussed in Sect. 4.

2 Working hypothesis and experimental setup
2.1 The working hypothesis
Consider a variable v, which is one of N state variables
required to describe the considered system. The equation
of motion of v can be written as,
dv
¼ fv
dt

ð4Þ

fv is generally a non-linear function of v and the other
N – 1 variables. One may decompose fv into three parts.
The ﬁrst part does not depend on any of the N variables.
The second one depends exclusively on v. The third one
depends not only on v, but more importantly, on the
other N – 1 variables. These parts are referred to as
the external forcing of v, the internal dynamics of v, and
the interaction term, respectively. For a large N, fv is
often too complicated to be comprehensible. In this case,
a statistical description of v becomes preferable. Such a
description is not independent of fv. Generally, the statistical behavior and from that the statistic dissipation of
v is determined by the functional form of fv and by the
amplitudes of the variables that enter fv. The latter can
be characterized by the variances of these variables. The
connection to the N variables makes clear that the statistical behavior of v is a result of interactions in the full
system.
Suppose that v is a large-scale variable, for which the
assumption given in Sect. 1d is appropriate. For such a
variable, the interaction term describes the interplay of v
with many small-scale variables. The working hypothesis focuses on the eﬀect of this interplay on the statistical
dissipation of v. It states, the strength of the statistical
dissipation of a large-scale variable v depends on the
temporal ﬂuctuations of small-scale variables such that
the stronger the small-scale ﬂuctuations, the stronger is
the statistical dissipation of v.
Since the hypothesis only concerns the eﬀect of smallscale variables, the best way to test the hypothesis is to
consider experiments, in which the external forcing and
the internal dynamics of v are ﬁxed, but the interaction
term, in particular the contribution of small-scale variables to this term, are diﬀerently represented.
If one wants to test the hypothesis for a Brownian
system, one would consider the same Brownian particles
immersed in two diﬀerent ﬂuids, e.g., in water with different oxygen or hydrogen isotopes. Both ﬂuids are in
contact with the same heat bath. Other external conditions, such as the gravitation, which contribute to fv of
the velocity of a Brownian particle, are kept to be the
same. According to the equipartition theorem, molecules
in two ﬂuids have the same mean kinetic energy. Since
the mass of molecules diﬀers, ﬂuctuations of velocities of
molecules in one ﬂuid must diﬀer from those in the other
ﬂuid. This means that the interaction term of v, which
depends on variations of molecular velocities, diﬀers
from ﬂuid to ﬂuid. If the hypothesis is correct, the statistical dissipation related to the velocity of a Brownian
particle in one ﬂuid would diﬀer from that in the other
ﬂuid.
Similarly, if one wants to test the hypothesis for the
atmosphere, one would consider diﬀerent versions of an
atmospheric GCM that fulﬁll the following requests.
The versions should contain the same formulation with
respect to the external forcing and the internal dynamics
of large-scale variables, but diﬀerent formulations of
small-scale variables. The latter ensures that the amplitudes of small-scale variables that enter the interaction
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term in the equation of a large-scale variable systematically diﬀer from one version to another. These requests
will be used as a guideline in Sect. 2.2 to construct
experiments for testing the hypothesis.
Note that the result of the GCM-experiments does
not necessarily indicate the exact magnitude of statistical
dissipations in the real atmosphere. This is because the
hypothesis has to be tested using diﬀerent atmospheres
with diﬀerent representations of small-scale variables.
Since there is only one real atmosphere, these atmospheres have to be artiﬁcial. Nevertheless, the test result
may suggest the range in which statistical dissipations in
the atmosphere are conﬁned to, if the representations of
small-scale variables are chosen to be not too far away
from reality.
Note also the diﬀerence between the present study
and previous studies dealing with parametrizations in
GCMs (e.g., Laursen and Eliasen 1989; Koshyk and
Boer 1995; Kaas et al. 1999). The previous studies aim to
parametrize the eﬀect of variables not resolved by a
GCM. They are guided by the equilibrium theorem of
turbulence. The present study, on the other hand,
investigates the eﬀect of the N–1 variables on the statistical behavior of one variable for a given GCM described by N variables. It is guided by the approaches
used in statistical physics, such as the treatment of
Brownian motion and the ﬂuctuation-dissipation theorem. It is more general in the sense, that the dissipation
and the associated scale interactions are not conﬁned to
those related to energy and enstrophy only. Furthermore, the statistical dissipation as deﬁned by the decay
of correlation function has not been systematically
studied so far. As discussed in Sects. 1 and 4, this dissipation is crucial for the understanding of both the lowfrequency variations produced by the model and the
climate sensitivity of the model.
2.2 Experimental setup
The experiments are constructed with the ECHAM4
model (Roeckner et al.1996). It is a spectral model, in
which a horizontal ﬁeld is represented by a set of
spherical harmonics. Each harmonic is characterized by
a meridional index n and a zonal wave number m £ n.
In this model, large-scale (small-scale) variables correspond to low-wave number (high-wave number) components of the model’s prognostic variables, i.e.
vorticity, divergence, temperature. A control integration, used as a reference run later, is carried out with the
standard ECHAM4 model at T21 resolution driven by a
ﬁxed radiative forcing having an annual cycle.
According to the discussion in the previous subsection, the experiments should be based on versions of the
ECHAM4 model which have diﬀerent representations of
high-wave number components, but the same formulation with respect to the external forcing and to the
internal dynamics of low-wave number components.
The request of the same external forcing can be easily
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fulﬁlled. In the following, all experiments considered will
be carried out with the same external forcing as that
used in the control run. Two approaches are used to
obtain versions of the GCM that have the same internal
dynamics of large-scale variables but diﬀerent representations of small-scale variables.
The ﬁrst approach makes use of the strong scaledependence of the horizontal diﬀusion. In the standard
version of the T21-ECHAM4 model (Roeckner et al.
1996), the horizontal diﬀusion is expressed in form of a
hyper Laplacian of the order 2q = 20, which leads to a
linear damping –dn X(n,m) in the equation of the (n, m)-th
spectral component, X(n, m), with


1
nðn þ 1Þ q
:
ð5Þ
dn ¼
sn0 n0 ðn0 þ 1Þ
no = 21 is the highest value of n. sn0 which equals 6 h
represents the e-folding damping time of the variable
with the largest resolved meridional index no and
determines the overall strength of the horizontal diﬀusion.
The eﬀect of the horizontal diﬀusion, as explicitly
given in Eq. (5), is strongly scale-dependent. For instance, the amplitude of the damping is 1=sn0 for components with n = 21, but smaller than 1=sn0 · 10–10 for
components with textitn £ 6. In the equation of a lowwave number component, one can therefore neglect the
eﬀect of the horizontal diﬀusion relative to other terms.
This suggests that a change in the strength of the horizontal diﬀusion, sn0 , will only lead to notable changes in
the representation of high-wave number components.
Experiments with essentially ﬁxed internal dynamics of
large-scale variables but diﬀerent representations of
small-scale variables can therefore be obtained by varying
the strength of the horizontal diﬀusion.
Four experiments, listed as HDF0.6, HDF3, HDF12
and HDF60 in Table. 1, are carried out. The strength of
the horizontal diﬀusion as measured by sn0 is set to 0.6,
3, 12 and 60 hours, respectively. The conclusion drawn
from these experiments does not depend on the particular choice of sn0 .
In the second approach, noises are added in equations
of small-scale variables. This approach has the advantage
that it leaves the formulation of the internal dynamics of
large-scale variables completely untouched. Four noise
experiments, listed as VDTN1, VDTN2, VDTN3 and
VDTN4 in Table. 1, will be considered. No attempt is
undertaken to make the added noise to have the statistics
comparable to those of small-scale variables in the real
atmosphere. As will be seen later, the added noises lead
to an enhancement of small-scale variations in a way
which is not inconsistent with an integration with the
ECHAM4 GCM at a higher resolution.
In practice, white noises are included in the equations
of spectral components of vorticity, divergence and temperature with n ‡ 18 in the standard T21-ECHAM4
model. The noise added in one equation is not correlated
with the noise added in another equation. All noises have

6

von Storch: On statistical dissipation in GCM-climate

Table 1 Experiments performed with diﬀerent versions of the ECHAM4 GCM
Control

sno
rnoise

6
0

Experiment HDFx

Experiment VDTNy

HDF0.6

HDF3

HDF12

HDF60

VDTN1

VDTN2

VDTN3

VDTN4

0.6
0

3
0

12
0

60
0

6
1

6
3

6
6

6
9

The diﬀerence is completely described by the parameters sn0 and
rnoise. sn0 controls the overall strength of the horizontal diﬀusion,
while rnoise gives the relative amplitude of the standard deviation of

the noises added in equations of spectral components with n ‡ 18.
sn0 is given in hours. rnoise is normalized by the standard deviation
of 10–7s–1 for vorticity and divergence and 10–2 K for temperature

zero mean. The variances of the noises are chosen to have
similar structures as those found in the control run. Fig. 1
shows the standard deviations of diﬀerent variables at 200
and 800 hPa produced by the standard T21-ECHAM4
model. Since the values of standard deviations are about
10–7s–1 for both vorticity and divergence at the highest
wave numbers, the noises added in the equations of vorticity and divergence are chosen to have the same variance. At other wave numbers, in particular at
intermediate ones, standard deviations of vorticity are
much larger than those of divergence. For temperature
(top panel), the standard deviations are of the order of 10–
2
K at highest wave numbers. Since the standard deviations at highest wave numbers do not change dramatically
with levels, the added noises are chosen to have the same
strength at all vertical levels. In experiment VDTN1, the
standard deviation of noises added in the equations of
vorticity and divergence is 10–7s–1, and that added in the
equations of temperature is 10–2 K. The amplitudes of
standard deviations of the noises are enhanced from
experiment VDTN1 to VDTN4, by factor 3, 6 and 9,
respectively. The conclusion drawn from these experiments does not depend on the particular choice of this
factor.
Both the HDFx and VDTNy experiments are constructed in a way that the proposed hypothesis can be
most explicitly tested. The question of what is the most
realistic representation of small-scale variables is not
considered. Nevertheless, it is worthwhile to compare
variations of high-wave number components in the
experiments with those found in an atmosphere simulated by the ECHAM4-GCM at T42 resolution. The
latter is believed to be more realistic than the control
atmosphere obtained with T21 resolution. If notable
agreements exist, the experiments could suggest the
range to which the statistical dissipations in the real
atmosphere might be conﬁned to.
Figure 2 shows the variance distribution for 500-hPa
vorticity, as produced by the standard T42 ECHAM
model. TheT42-variances are normalized by the corresponding variances generated by the standard T21ECHAM4 model. The main feature of the variancedistribution produced by the higher-resolution T42 model
is the drastic increase in variations at the highest wave
numbers. The values of the normalized variances are
around one for n < 18 with maximum values up to 1.4
in the region of synoptic waves, but larger than 10 for n
= 18,19 and even larger than 100 for n = 20, 21. The

Fig. 1 Variances of spectral components of temperature (top),
vorticity (middle) and divergence (bottom) as function of n (x-axis)
and m (y-axis) at 200 (left) and 800 hPa (right column), derived
from the standard T21 ECHAM4 model. Non-equal distant
isolines (0.1, 0.15, 0.2, 0.3, 0.4, 0.6, 0.8, 1.0, 1.5, 2.) are used. The
units are 10–6s–1 for vorticity and divergence and 10–1K for
temperature
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Fig. 2 Ratios of the variances obtained from the standard T42
ECHAM4 model to those obtained from the standard T21
ECHAM4 model, as a function of the meridional index n (abscissa)
and the zonal wave number m (ordinate). The considered variable is
the 500-hPa vorticity. Warm (cold) colors indicate values larger
(smaller) than 1

large variances result partly from a strong reduction in
the horizontal diﬀusion for variables with n £ 21 in the
T42 model, and partly from the excitation through
ﬂuctuations of the components with n > 21 that are
generated by the T42 model.
Figure 3 shows the variances of 500-hPa vorticity
obtained from the VDTNy and HDFx experiments,
normalized in the same way as in Fig. 2. Although the
variance distributions diﬀer in detail, the dominant
feature characterized by strong variations at the highest
wave numbers in Fig. 2 clearly stands out in the VDTNy
experiments in Fig. 3. Thus, the noise experiments do
bear some realistic aspects. One may consider the added
noises as a crude representation of ﬂuctuations of
components with n>21, following the concept of stochastic climate models (Hasselmann 1976).
A more detailed comparison suggests that small-scale
variations in the two series of experiments systematically
diﬀer from each other and that the two series of
experiments capture diﬀerent aspects of the variance distribution produced by the T42 run. The variances at high
wave numbers are essentially independent of the zonal
wave number m in HDFx experiments, a feature which is
consistent with Fig. 2. However, high-wave number
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variances are much too weak relative to those found in the
T42 run. This is even the case for the variance obtained
from the weakest diﬀusion with sn0 = 60 h which can
hardly be considered as reasonable for the T21-ECHAM4
model. The noise experiments, on the other hand, produce
much stronger variations at high wave numbers. However, the variance distributions depend strongly on the
zonal wave number m. The diﬀerences in the small-scale
ﬂuctuations in the two series of experiments will be
referred to in the discussion of Fig. 6.
Note that a GCM in which noises are added in equations of components with the highest wave numbers is
diﬀerent from a simple stochastic model in which all
model variables are stochastically forced. In the GCM,
low-wave number components are not directly subjected
to the stochastic forcing. They are connected to components at the high-wave number end of the resolved wave
number range through non-linear processes. Thus, lowwave number components are able to feedback to and to
interact with variations of high-wave number components, no matter whether these variations are generated by
modifying the horizontal diﬀusion or by adding noises.
The situation is diﬀerent in a simple stochastic model. In
this case, there is only a one-way action, i.e., the stochastic
forcing generates variations of a model variable, but the
latter cannot feedback to the stochastic forcing.
Each of these described versions of the ECHAM4
model is integrated over 21 years. The data from the
last 20 years, which are essentially stationary (apart
from the annual cycle), are used for the analysis given
in Sect. 3. All second moments are derived from
anomalies deﬁned as the deviations from the mean
annual cycle.

3 Results of numerical experiments
3.1 A measure of the strength of statistical dissipation
The two series of experiments with diﬀerent formulations of high-wave number components show that the
correlation function of a large-scale variable is
strongly aﬀected by the strength of small-scale
ﬂuctuations. The eﬀect is most signiﬁcant in the noiseexperiments. As an example, Fig. 4 shows the correlation functions of the daily time series of the gravest
mode of 500-hPa vorticity [i.e., the component with (n,
m) = (1,0)] derived from the control run and the
experiments VDTNx. It is striking how the lag-oneday correlation of the gravest mode can drop from
about 0.9 to about 0.4, simply due to ﬂuctuations at
the smallest resolved scales. The stronger decay of the
correlation function in DVTN3 and DVTN4 might be
related to the fact that the noise level at high-wave
numbers is much higher in DVTN3 and DVTN4 than
in DVTN1 and DVTN2 (note the non-equal distant
scale in Fig. 3).
Correlation functions are also calculated for temperature and divergence. The drop of correlations with
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Fig. 3 Ratios of the variances
obtained from the VDTNy
(left) and HDFx (right)
experiments to those found in
the control run for 500-hPa
vorticity. Warm (cold) colors
indicate values larger (smaller)
than 1

increasing small-scale ﬂuctuations is found to be more
prominent for vorticity and divergence than for temperature.

The question that arises now is how to measure the
rate of the decay of a correlation function and from that
the strength of the statistical dissipation. There are
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one may also use
~a ¼  lnðcðso ÞÞ=so

ð7Þ

as a measure of the rate of the decay of correlation
function. ~a is identical to the damping coeﬃcient a in
Eq. (1), if the considered time series is exactly described
by Eq. (1). Since the GCM data are stored on daily
basis, so = 1 day is the shortest time lag available. In the
following, ~a obtained from so = 1 day will be used as a
measure of the strength of the statistical dissipation. The
smaller the lag-one-day correlation, the stronger the
statistical dissipation, and the larger is ~a.

3.2 Relation between large-scale statistical dissipation
and small-scale ﬂuctuations

Fig. 4 Correlation functions computed for the gravest mode of
500-hPa vorticity [i.e., (n, m) = (1,0)] obtained from the control run
and the experiments VDTN1, VDTN2, VDTN3 and VDTN4. The
curves start with the correlations at one day time lag

several possibilities. First, the rate of the decay of a
correlation function can be quantiﬁed by the correlation
at a short time-lag s = so, such as one day. Secondly,
one can use the characteristic time scales s* as a measure, deﬁned by the time scale beyond which correlation
vanishes. Finally, one may also try to derive c(s) as a
function of s for all s. The last possibility provides the
most complete description of the rate of the decay of a
correlation function, though not the most concise one,
as the rate of the decay is not described by a singlevalued measure. Both the consideration of s* and that of
the functional form of c(s) face estimation problems,
since the variable considered reveals properties of a
stochastic process. That is, the sample correlation
function may fail to damp out according to expectation,
due to the correlations between the adjacent correlation
estimators (Jenkins and Watts 1968). Because of this
problem, the estimate of correlations at large time lags
and the estimate of s* are generally not reliable.
In the following, the rate of the decay of correlation
function will be characterized by the correlation c(so) at
a small time lag so. This correlation can be reasonably
estimated. Since the correlation function of a variable
whose statistical behavior is described by the Langevin
Eq. (1) satisﬁes
cðsÞ ¼ eas ;

ð6Þ

Equipped with a measure of the statistical dissipation,
the hypothesis will be tested by considering the relation
between this measure and the strength of small-scale
ﬂuctuations. Consider ﬁrst the situation for 500-hPa
vorticity. In Fig. 5, ~a obtained from components with
n £ 6 is plotted as functions of the mean variance of
small-scale ﬂuctuations in VDTNy experiments. The
latter is an average over variances of components with n
‡ 18 in the VDTNy experiments, normalized by the
value obtained from experiment VDTN1. Note that the
variances of the high-wave number components are not
necessarily identical to the variances of the noises added
in the equations of the high-wave number components.
Figure 5 shows that the amplitude of ~a increases with
increasing mean variance of small-scale ﬂuctuations for
all (n, m) with m £ n £ 6. However, the proportional
factor seems to diﬀer from component to component.
Similar situations are found for divergence and temperature. Apart from the variation in the proportional
factor, the tendency that a strengthening in the smallscale ﬂuctuations leads to an enhancement in the statistical dissipations of large-scale variables is found for
many large-scale variables. In this sense, the proposed
hypothesis is by and large correct for individual largescale variables.
Is the hypothesis also correct in a more general sense?
This question is studied by considering an averaged
measure of statistical dissipations of large-scale variables
and an averaged measure of small-scale ﬂuctuations, denoted by < ~al> and <d2s>, respectively. < ~al> is calculated from ~a averaged over all spectral components of
vorticity, divergence and temperature at all levels with m
£ n £ 6. < d2s > is calculated from an average over
variances of small-scale components of vorticity, divergence and temperature at all levels with n ‡ 18. The results,
as derived from both series of experiments, are shown in
Fig. 6. The variance of small-scale ﬂuctuations < d2s> is
normalized by the smallest variance in the two series of
experiments, i.e. variances found in the experiments
VDTNy are normalized by the variance in the VDTN1run (Fig. 6a), and variances found in the experiments
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~ðn;mÞ and < ds > for 500-hPa vorticity
Fig. 5 Relations between a
in the VDTNy experiments. ~
aðn;mÞ characterizes the dissipation of
components with wave number (n, m) and n £ 6. < ds >
describes the mean strength of small-scale ﬂuctuations obtained
by averaging the variance of components with n ‡ 18. The
components whose dissipations increase relatively fast with
increasing small-scale ﬂuctuations are marked by specifying their
wave number (n, m). Each curve starts with the value obtained from
the VDTN1-run and followed by the values obtained from
VDTN2, VDTN3 and VDTN4. The thick line shows ~
aðn;mÞ
averaged over all (n, m) with n £ 6, as a function of < ds >.
~aðn;mÞ > 2 correspond to lag-one-day correlations smaller than 0.14
and are not plotted

HDFx by the variance in the HDF0.6-run (Fig. 6b). No
matter whether small-scale ﬂuctuations are generated
through noise or by a modiﬁcation in the horizontal diffusion, the strength of the statistical dissipation increases
nearly linearly with the strength in small-scale ﬂuctuations
in both series of experiments. Thus, the proposed
hypothesis is also correct in an average sense.
To further interpret the result of the noise experiments,
consider AR(1)-processes which are ﬁtted to the daily time
series of the same low-wave number component v obtained from the diﬀerent noise experiments. If the
assumption given in Sect. 1.4) is appropriate for v, the
ﬁtted processes will describe the essential statistical
properties of v in diﬀerent noise experiments, since an
AR(1) processes represents a discretized version of
Eq. (1). As described in Sect. 2.1, the statistical behavior
of v is aﬀected by the internal dynamics of v and the
interplay of v with high-wave number components. The
former is unchanged in the VDTNy experiments, while
the latter varies from experiment to experiment. Thus, if

Fig. 6 Relations between the averaged large-scale dissipation and
the averaged small-scale ﬂuctuation, as obtained from the VDTNy
experiments in a and the HDFx experiments in b. The large-scale
dissipation is quantiﬁed by h~
al i, which represents ~
a averagedover

components with n £ 6, and the small-scale ﬂuctuation by D2s ,
which represents the average of variances of components with n ‡
18. To obtain a relation representative for the whole atmosphere,
the average is carried out for components of vorticity, divergence
and temperature at 11 vertical levels throughout the troposphere
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the latter does not have any eﬀect on the statistical
behavior of v, the AR(1)-processes ﬁtted to v in the four
VDTNy experiment would have the same process
parameter and from that the same correlation function.
This is, however, not what is observed. The DVTNy
experiments show that ~
a and hence also the parameter of
the ﬁtted AR(1)-processes increase from experiment
VDTN1 to VDTN4 with increasing strength of smallscale ﬂuctuations. Thus, the statistical dissipation of a
large-scale variable must depend on small-scale ﬂuctuations.
Consider now the HDFx experiments, in which the
horizontal diﬀusion is changed. This change can contribute to a change in the internal dynamics of v and is
therefore potentially capable of inﬂuencing the statistical
behavior of v. If the interaction term is irrelevant, the
statistical behavior of v would be completely determined
by this change. This means that ~
a would decrease with
decreasing strength of horizontal diﬀusion, i.e. with
increasing sn0 . The HDFx experiments show however
exactly the opposite. As sn0 increases from 0.6 to
60 hours, the horizontal diﬀusion weakens, but the statistical dissipation, as characterized by ~
a, increases. This
result has again to be explained by the existence of a
statistical dissipation that depends on small-scale ﬂuctuations. As the horizontal diﬀusion weakens, ﬂuctuations at high wave numbers are enhanced (Laursen and
Eliasen 1989). It is this enhancement in small-scale
ﬂuctuations that strengthens the statistical dissipation of
large-scale components.
The proportional factors in Fig 6a) and 6b) are
diﬀerent. This is also the case when Fig. 6 is redrawn
without standardizing variances. It is suggested that
the proportional factor reﬂects the joint eﬀect of the
internal dynamics of the considered variable and the
small-scale variables that interact with the considered
variable. Since a GCM-atmosphere is described by
variables with diﬀerent internal dynamics and since the
properties of small-scale ﬂuctuations have signiﬁcantly
changed from the experiments HDFx to the experiments
VDTNy as discussed in Sect. 2.2, a universal proportional factor can neither be obtained for diﬀerent
low-wave number variables in the same series of experiment, as suggested by Fig. 5, nor for the same
variables in diﬀerent series of experiments, as suggested
by Fig. 6.
3.3 Variance cascade: the link between small-scale
ﬂuctuations and large-scale dissipations
As already discussed in Sect. 2.2, diﬀerent from a variable in a simple stochastic model, a low-wave number
component in a GCM in which noises are added in the
equations of components with the highest wave numbers, can feedback to and interact with variations at
high-wave numbers, no matter how they are generated.
This suggests that, if statistical dissipation indeed originates from ﬂuctuations at the highest wave numbers,
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there must be a process that transfers information across
the whole range of the resolved scales.
The characteristics of this process are studied by
considering the ratios of the variances obtained from
experiments to those found in the control run, as shown
in Fig. 3. In the noise experiments (left column of
Fig. 3), more variance relative to the control run is
passed from large to small scales, resulting in variance
ratios that are smaller (larger) than one for components
at small (large) n. One may consider this as a variance
cascade. The intensity of the cascade is related to the
intensity of small-scale ﬂuctuations. The stronger the
ﬂuctuations, the larger is the contrast between variance
ratios at small and large n, the more intense is the cascade of the variance toward smaller scales.
The cascade described is also found in the experiments
with varying horizontal diﬀusion (right column of Fig. 3).
As small-scale ﬂuctuations are weaker in experiments
HDF0.6 and HDF3 than in the control run, the variance
cascade is less intense than in the control run, resulting in
ratios which are larger than one at small and smaller than
one at large wave numbers (the upper two panels in the
right column of Fig. 3). As small-scale ﬂuctuations become stronger in the experiments HDF12 and HDF60
than in the control run, the variance cascade becomes
stronger too (the lower two panels in the right collumns of
Fig. 3). The pattern of variance ratio reverses.
Figure 3 is derived from vorticity at 500 hPa. The same
characteristics are also found for other variables. In particular, the reversal of the pattern of variance ratios, which
is induced by switching the strength of horizontal diﬀusion from above to below normal, is also prominent for
temperature and divergence at diﬀerent levels. One may
consider the variance cascade as a more general description of scale interactions considered by studies dealing
with parametrizations of unresolved processes (e.g.,
Laursen and Eliasen 1989; Koshyk and Boer 1995). Since
the present study does not rely on the equilibrium theorem
of two-dimensional turbulence, a variance cascade can
represent a cascade of any quantity (not only energy and
enstrophy) and needs not satisfy the constraint of an
inertial subrange characterized by a certain power law.

4 Summary and discussion
This study considers a system described by N state
variables with N being a large number. For such a system, it is assumed that large-scale variables, which vary
more slowly than small-scale variables and can therefore
interact almost instantaneously with many small-scale
variables, are approximately described by Eq. (1).
Statistical dissipation of a large-scale variable is deﬁned
as the damping in the equation describing the statistical
behavior of the variable. This dissipation can be described by the rate of the decay of the correlation
function. The working hypothesis is that the statistical
dissipation of a large-scale variable is aﬀected by the
small-scale ﬂuctuations such that the stronger the small-
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scale ﬂuctuations, the stronger is the statistical dissipation.
The hypothesis is tested using various versions of the
T21-ECHAM4 model. These versions have the same
formulation of the external forcing, the same formulation of internal large-scale dynamics, but diﬀerent representations of small-scale variables. The latter is
obtained by modifying the strength of the horizontal
diﬀusion in the ﬁrst series of experiments, and by adding
noises of diﬀerent strengths in the equations of smallscale variables in the second series of experiments.
The experiments suggest that the proposed hypothesis is correct, not only for individual large-scale
variables, but also in an averaged sense. The link
between large-scale dissipation and small-scale ﬂuctuations can be described by a cascade of variance. The
stronger the small-scale ﬂuctuations, the more intense is
the cascade of variance toward smaller scales, and the
more intense is the statistical dissipation of large-scale
components.
In many previous statistical analyses, large-scale
dynamics were considered as the most important
mechanisms responsible for the statistical behavior of
climate variables. Such a consideration ignores numerous small-scale variables which interact with the considered variables. The ignorance of small-scale variables
can lead to incorrect estimates of the low-frequency
variations and the mean responses to small changes in
the external forcing. This issue is further discussed next.
4.1 Impact of statistical dissipation on low-frequency
variations
As pointed out in the Introduction, the rate of decay of
correlation function determines the low-frequency
spectral behavior. If the correlation function of a variable v decays to zero and remains zero for time lag s >
s*, the spectrum will be white for frequency much
smaller than 1/(2ps*) (Appendix 1). The internal
dynamics of v can signiﬁcantly aﬀect the spectral shape
at high frequencies with x > 1/(2ps*). They become,
however, powerless at frequency much smaller than 1/
(2ps*), since independent of the details of the internal
dynamics, the statistical dissipation always leads to a
white spectrum at low frequencies x  1/(2ps*). Since
the decay of the correlation function of v depends on
variations of many other variables which interact with v
according to the present study, the above consideration
of spectrum suggests that the realistic simulation of lowfrequency variations of v by a GCM depends not only
on the ability of the model in capturing the internal
dynamics of v, but also on the representation of
variations of all other variables which interact with v. In
particular, low-frequency variations of v can be overestimated, if the variations of other variables and from
that the statistical dissipation of v are underestimated.
The strong centennial oceanic variations found in
millennium integrations with four coupled atmosphere-
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ocean GCMs (von Storch et al. 2000, 2001) could be a
result of an underestimation of statistical dissipation.
These variations occur in the oceanic interior. Their
spectral behavior distinctly diﬀers from that found in the
atmosphere and the upper ocean. While the spectra in
the atmosphere and in the upper oceans turn ﬂat at low
frequencies, the spectra in the oceanic interior increase
with increasing time scale, down to the longest time scale
resolved by the millennium integrations. The spectral
behavior in the oceanic interior indicates correlation
functions which decay too slowly with increasing time
lag. In other words, statistical dissipations are too weak
in the oceanic interior. The weakness could result from
the fact that ﬂuctuations originating from atmospheric
ﬂuxes at the sea surface cannot easily penetrate to the
deep oceans and/or that internal oceanic eddies are not
resolved by the considered coupled GCMs due to too
coarse resolution in the ocean. The latter suggests that
the centennial variations can be an artifact of the lowresolution GCMs.
4.2 Impact of statistical dissipation on climate responses
Equation (2) shows that the mean response of a variable
to aR1small change in the external forcing is determined
by c(sÞ ds and hence by the strength of the statistical
0

dissipation. Since the statistical dissipation of a largescale variable depends on small-scale ﬂuctuations
according to the present study, the mean response predicted by a GCM must depend on the representation
of small-scale variables in the model. In particular, the
response in a GCM with strong small-scale ﬂuctuations
is smaller than the response in a GCM with weak smallscale ﬂuctuations.
This conclusion is subject to the condition required to
obtain Eq. (2). Appendix 2 shows that this condition
coincides with the assumption that the statistical
behavior of the variable considered is described by
Eq. (1), or equivalently the density equation of this
variable is given by Eq. (10). Such a condition which
concerns the PDF of one of the N variables can be much
more easily satisﬁed than Leith’s condition (1975) that
concerns the N-dimensional density in the full phase
space. Thus, Eq. (2) can be an accurate description of
the mean response, rather than merely an estimator of
the mean response as suggested by Leith (1975). This
suggests a higher applicability of Eq. (2) than one would
expect from the consideration by Leith 1975.
The conclusion is consistent with a study by May
and Roeckner (2001). They studied the climate response to increasing levels of atmospheric greenhouse
gases in two model simulations. The ﬁrst one is a
transient response experiment performed with the
coupled ECHAM4/OPYC GCM at T42 resolution.
The second one consists of two ‘‘time slices’’ obtained
with the ECHAM4 at T106 resolution. The boundary
conditions at the sea surface are taken from the transient T42 integration. The initial conditions of the two
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T106 runs represent the present-day and the future
climate, respectively. The greenhouse gas concentrations are prescribed in exactly the same way as for the
respective periods in the coupled T42-model. The response characterized by a tropospheric warming and a
stratospheric cooling is produced both by the T42 and
by the T106 model (the T106-response is shown in
Fig. 7a). The diﬀerence in responses is shown in
Fig. 7b. Overall, the response, with respect to both the
tropospheric warming and the stratospheric cooling, is
smaller in the T106 run than in the T42 run. The
reduction is statistically signiﬁcant over most of the
atmosphere (shaded areas). The present study suggests
that the reduction in the mean response is caused by
stronger statistical dissipations induced by stronger
small-scale ﬂuctuations resolved in the T106 run.
May and Roeckner (2001) also showed that a reduction of the climate change signal from the T106 run to
the T42 run cannot be observed for precipitation. This is
consistent with the fact that, diﬀerent from the zonal mean
temperatures, precipitation is not a variable whose
statistical behavior can be described by Eq. (1). In
particular, it is known that the PDF of precipitation is

Fig. 7 Latitude-pressure cross
sections of a the response in the
zonal mean and annual mean
temperature to greenhouse gas
forcing as produced by the
ECHAM4 at T106 resolution
and b the diﬀerence in responses
produced by the ECHAM4T106 and ECHAM4-T42
models. The contour interval is
1 C in a and 0.25 C in b. The
signiﬁcance at the 97.5% level
in b is marked by the shading.
After May and Roeckner (2001)
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generally not normal. This has the consequence that the
mean response of precipitation cannot be described by
Eq. (2).
The present explanation does not agree with the
speculation of May and Roeckner (2001) who related
the smaller response in the T106 run to the warmer
present-day climate produced by the T106 model compared to that by the T42 model. They argued that the
warmer climate tends to weaken the positive feedback
loop between snow/ice-albedo and temperature and
from that to reduce the sensitivity. The speculation by
May and Roeckner (2001) may be understood in terms
of a simple model which concentrates on the feedback
between snow/ice-albedo and temperature, but neglects
all other variables which can interact with the temperature represented by the simple model. Even though the
eﬀect of each neglected variable may be small relative to
the feedback, the joint eﬀect of all the neglected variables can be relevant. In other words, the mean response
of the variable v depends not only on some particular
dynamics or feedbacks, but also on variations of
numerous variables, which constantly interact with v
and imposes as a whole a dissipation on v. This dissi-
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pation can only be obtained from a model which takes
interactions between all involved variables into account.

5 Appendix 1
5.1 Relation between the low-frequency part
of a spectrum and the rate of the decay
of the corresponding auto-covariance function
The spectrum G(x), which is a function of frequency x,
is the Fourier transform of the auto-covariance function
c(s), which is a function of time lag s (von Storch and
Zwiers 1999). G(x) can be written as,
CðxÞ ¼ cð0Þ þ 2

1
X

cðsÞ cosð2psxÞ ;

s¼1

or, if c(s) decays to zero and remains zero for time lag s
> s*, as
CðxÞ ¼ cð0Þ þ 2

s
X

cðsÞ cosð2psxÞ ;

ð8Þ

s¼1

s in the arguments of cosine functions is bounded above
by s* so that one has 2psx £ 2 ps* x for all arguments
of cosine functions in Eq. (8). If furthermore x is much
smaller than x* ” 1/(2ps*), the arguments of cosine
functions become much smaller than one. Eq. (8)
reduces to
CðxÞ ¼ cð0Þ þ 2

s
X

cðsÞ for x  x  ;

ð9Þ

s¼1

which is independent of x.
Equation (9) suggests that, if the auto-covariance is
zero beyond s*, the spectrum will be white for frequencies much smaller than x*=1/(2ps*). Moreover,
the faster the auto-covariance function goes to zero, the
smaller is the value of s*, the larger is the low-frequency
range over which the spectrum is white.

6 Appendix 2
6.1 Mean response to a small change in the external
forcing
Consider the density equation of v, i.e., the equation
describing the time evolution of the PDF of v. v is a
variable of a system (such as a GCM-atmosphere) which
is originally in a statistically stationary state under a
constant external forcing F. Denote the stationary PDF
of the variable by qs,1. Suppose that the external forcing
of the system is changed by a small and constant amount
DF. DF directly aﬀects the time evolution of v. In response to DF, the PDF of v is changed to q2 (t). For the
sake of simplicity, suppose that DF. Suppose further that
the system can adjust itself to reach the new stationary

solution qs,2 = q2 (t = ¥) under the new constant
forcing F + DF. If one knows the governing equation of
the PDF, and if DF is small enough, the linear response
theory could be used to derive Dqs = qs,2 – qs,1 and from
that the mean response of v. In the following, the theory
is applied to a variable, whose statistical behavior is
described by Eq. (1). The more general consideration
can be found in Risken (1996).
For a variable v, whose statistical behavior is
described by Eq. (1), the corresponding density equation
takes the form of the Fokker-Planck equation


@q
@
@2
¼
ðavÞ  2 b q ¼ L1 q
ð10Þ
@t
@v
@v
2

@
@
where L1 ¼ a @v
u þ b @v
2 is the Fokker-Planck operator
with two constants, a and b, which are deﬁned in respect
of Eq. (1). Eq. (10) has the stationary solution


rﬃﬃﬃﬃﬃﬃﬃﬃ
a
a 2
exp  v
qs;1 ¼
:
ð11Þ
2pb
2b

The linear response theory relies on the smallness of DF.
If DF is small enough, the change in the Fokker-Planck
operator and the change in the stationary PDF will be
small too. One has the new PDF q2(t) = qs,1 +Dq(t) and
the new operator L2 ¼ L1 þ DLH ðtÞ. The forcing
function H(t) is zero for t < 0 and equal to one for t ‡ 0,
meaning that DL is switched on for t ‡ 0. According to
the linear response theory, one can substitute q2(t) into
Eq. (10) with the new operator L2 to obtain the linear
equation
@q2 @Dq
¼ ðL1 þ DLH ðtÞÞðqs;1 þ DqÞ
¼
@t
@t
¼ DLH ðtÞqs;1 þ L1 Dq

ð12Þ

@q

where the conditions @ts;1 ¼ 0 and L1 qs;1 ¼ 0 are used
and DL Dq is neglected. A formal solution of Eq. (12) is
Z t
0
DqðtÞ ¼
ðeðtt ÞL1 ÞðDLH ðt0 Þqs;1 Þdt0 :
ð13Þ
1

The mean stationary response, deﬁned by Dls = l2 – l1
with l1 and l2 being the stationary means obtained with
F and F + DF, is determined by Dq(t = ¥) = Dqs,
Z
Z
Z
Dls ¼ vqs;2 dv vqs;1 dv ¼ vDqs dv
v

¼

v
t¼1
Z

Z
v
v

¼

v
0

ðeðtt ÞL1 ÞðDLH ðt0 Þqs;1 dt0 Þdv

1

t¼1
Z

ð14Þ
0

0

Rðt  t ÞH ðt Þdt

1

¼

t¼1
Z
0

Rðt  t0 Þdt0 ;

0
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where the response function R(t) describing the response
of v to D L is deﬁned by
Z
RðtÞ ¼ vetL1 DLqs;1 dv :
ð15Þ
v

From the third to the fourth line in Eq. (14), the forcing
function H(t) is taken as a step function.
Since the initial time t = 0, at which D L is switched
on, is arbitrary, the last line in Eq. (14) can be rewritten,
after applying the transformation t–t¢ = s, as
Dls ¼

Z1
RðsÞds

ð16Þ

0

On the other hand, it can be shown that, given Eq. (10),
the stationary covariance function between v and an
arbitrary function b(v) equals
Z
cv;b ðsÞ ¼ vesL1 qs;1 bðvÞdv :
ð17Þ
v

A comparison of Eq. (15) with Eq. (17) suggests
RðsÞ ¼ cv;b ðsÞ ;

ð18Þ

if b(v) is deﬁned by
bðvÞ ¼ q1
s;1 ðDLqs;1 Þ:

ð19Þ

The equality (18) is known as the dissipation-ﬂuctuation theorem (Risken 1996). When assuming that the
@
role of DF is to shift the mean only so that DL ¼ DF @v
,
one has after substituting DL into Eq. (19),


a
DF v :
ð20Þ
bðvÞ ¼
b
The change of the Fokker-Planck operator by
@
DL ¼ DF @v
implies that the Langevin equation
Eq. (1) has to be modiﬁed by adding DF to the right
hand side of Eq. (1).
Using the relation (18) with b(v) given in Eq. (20),
Eq. (18) reduces to

Z 1
Z 1
a
Dls ¼
DF
cv;v ðsÞds ¼ DF
cðsÞds
ð21Þ
b
0
0
where c(s) and c(s) are the covariance and correlation
functions, respectively. Thus, if the statistical behavior

of a variable is described by Eq. (1) and if the statistical
dissipation is deﬁned by the rate of the decay of the
correlation function, the mean response to a small
change in the external forcing is directly controlled by
the statistical dissipation.
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